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THE STRUCTURE OF TURBULENCE IN FULLY DEVELOPED PIPE FLOW 1

By JOHN LAUFDR

SUMMARY

ilAu5wrement8,principally with a hot-wire ane7nom@-, were
mude in juily deim?opedturbulentji!mo in a 10-inch pipe at
8ped9 of approximately 10 and 100 feet pfl 8econd. Ernp?umix
wa8 pluced on turbwknee and conditi0n8 near the waU. 2%-c
reindtxinclwakreliwantmean and 8tati&a.1 quantiti.tx, ah iM
R&tolds 8tre88e3,triple correlatum.s,tdulent dwipation, and
ener~ 8pectra. It i8 8hown that rata of twrbwlent-energy
prodwdim, dimipati.on, and di$ti Juwe8harp maximum.8
near tlw edge of tlk laminar mh?ayer and that there exist a
8trongmovementof kinetic energy awxzyfrom thti point and an
e@y 8trongmovementof prawu.i-eenergy towardit. I%zu.Uy
i! is suggt%ed that, from the 8tan4iptintof turbulent structure,
& jk?d muy be dioid.edinto three regiom: (1) WaLlproximdy
wkre turbulenceproduction, di@ion, and vkoux action are
all of about equal imvortunce; (fi) the centralregion of the pipe
where enqy di$u.sionplay8 the predominant role; and (3) the
region belween (1) and (1?)where the loud rate of change of
turbW-ener~ production dominates the energy received by
di$usioe ach%n.

INTRODUCTION

The one aspect of turbulent shear flow that stands out
most prominently is the transport of stream propertiw by
turbulent motions. The transfer process is fundamental, for
it not only shapes the mean-flow fieJd through momentum
transfer but supplies the mechanism by which turbulent
motions recaive ,mergy from the mean-flow field. The well-
lmown phenomenological theories were the fit attempts to
give analytical forms for the transfer mechanism by some
simple physical considerations and thereby succeeded in
making predictions ‘about the nature of the mean-velocity
field. Subsequent experiments, however, have clearly dem-
onstrated the inadequacies of these theories, and in a sys-
tematic discussion Batchelor (ref. 1) has pointed out the
inconsistencies and unreal consequences of the assumptions
involved. Recently, Rotta (ref. 2) and Tchen (ref. 3) pre-
sented more extensive and deeper analytical treatments of
the nonisotropic turbtience problem, and, although their
rcaults show some agreement with the existing experimental
findin~, they cannot escape some arbitrariness in JMSUD@Z
the nature of the transfer mechanism. It is the general
opinion among investigators in this field that more extensive
experimental work on the turbulence mechanism is neccmru-y

before a satisfactory analytical formulation of the problem
will be possible.

In the last feiv years various experimental invwtigations
were carried out in different types of shear flows. It became
apparent that the dynamic smdkinematic processes govern-
ing such flows may be quite difhrent. The difference be-
tween the so-called free turbulent flows and flows past solid
boundaries has recently been emphasized by the phenomenon
of intermittence, tit noted in a jet by Cormin (ref. 4) and
later more clearly recognized and studied in detail in the
wake of a cyIinder by Townsend (ref. 5). It is apparent by
now that in flows like wakes, jets, and those ncwr the free
surface of the boundary layers the interrnittancy is present
and seems to play a very importmt role in the transfer
meohanism, while in pipe and channel flows it is completely
absent.

Fairly large amounts of experimental information have
been gathered about flows with free boundaries (refs. 6, 7,
and 8); especially extensive is the work by Townsend in a
turbulent wake (ref. 5). The recent work in two-dimen-
sional channel flow by the present writer (ref. 9) brought out
some signithnt features of flows with solid boundaries, but
the information was far horn being complete. One cxmse-
quence’ of this study was the realization that in order to
obtain a complete picttie, say of the turbukmixmergy
balance, a Jmowledge of flow conditions in close proximity
to the wall was of utmost importance.

Since no similarinvestigation, with emphasison the turbu-
lent structure, has ever been carried out in fully developed
pipe flow, the present investigation was undertaken. A pipe
also offered the simplicity of axially symmetric mean flow
and a turbulent field nonhomogeneous in one direction only.
At the same time it afforded an experimentally convenient
setup for obtaining a shear floiv of large scale. A diameter
of 10 inches was chosen as sufhiently large for the favorable
application of hohvires and for bringing the region near the
wall within practical reach. To cover the desired range,
two working Reynolds numbers were chosen, these being
500,000, based on the diameter and rmairspeed at the center
of 100 feet per second, and 50,000 at a speed of 10 feet per
second. The higher Reynolds number minimized viscous
effects while the lower one magnified the dent of the
predominantly viscous layer near the wall. This turned out
to be a fortunate choice since experimental dii3iculti~ and
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errors encountered in one case were usually absent in the
other.

The purpose was to investigate the nature of t&bulence
and its relation to the mean flow-, in particular the rates of
transfer, difksion, and dissipation of energy. To this end
mcaaurementa were made of the relevamt mean and statis-
tical quantities, including their spatial distributions from
witbin the laminm sublayer to the center and energy spectra
at several radii. Thus the purpose was to reveal details of
flow structure that could not be found bm studies of mean
flow alone, and yet stop short of a direct attempt to fid the
nature of the transfer mechanism. It is hoped, however,
that advances toward the latter goal will have been made
through the present work.

The present investigation was conducted &der the spon-
sorship and with the ticial assistance of the National
Advisory Committee for Aeronautics. The author wishes
to express his gratitude to Dr. G. B. Schubauer for his
constant interest and encouragement throughout this work.
The valuable discussions with Dr. C. M. Tchen and Mr.
P. S. Klebanoff are also much appreciated. Thanks are due
to Miss Z. W. Diehl and Mr. K D. Tidstrom who carried
out the numerical computations and preparation of the
report.
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SYMBOLS

pipe radius, 4.86 in.
dimensionless turbulent-kinetic-energy dif-

ftion rates;

voltage fluctuations across hoi%vires
fraction of turbulent energy ~ a.symiated

with kl, cm3/se&
fraction of turbulent energy ~ associated

with kl, cm3/se&
fraction of turbulent energy ~ associated

with kl, cm3/see?
dimensionless gradient &fFusion rate of

turbulent kinetic energy,
vgld d U+)2+U+———
U.’rdrr& 2

one-dimensional -wave number in direction
of mean flow, cm-l

mean pressure at any point in pipe
mean pressure at exit of pipe
dimensionlessturbulent—pressure—energy dif-

fufion ratm:

(1%’)., (R’),

P

:

R,

T

T’=a—T
T*
t
u
u.
u,
% ‘%%

u, v, w

u’, d, w’

v, w

w., w.

w,

A
v

Z’

P
P

dimensionless turbuleni%xmrgy production

‘@Z(P7-)rap~~H@J; (PT)o=(z U$ dr ,

instantaneous value of premure fluctuations
dynamic pressure at pipe center
Reynolds number based on diameter of pipe

and velocity at pipe center
correlation coeilicient of u-fluctuations at

two points displaced in a radial direction
coordinate in radial direction; r= O corre-

sponds to pipe center

friction distance parameter, r’ U,/v
time
mean velocity at any point in pipe
maximum value of mean velocitv.

()
friction velocity; U,g= -v ~

r-a

total (mean-plus-fluctuating) velocitiw in x,
r, and q directions, respectively

instantaneous value9 of velocity fluctua-
tions in z, r, and p directions, respectively

root-mean-square valuea of velocity fluctua-
tions in x, r, and q directions, respectively

mean velocities in radial and azimuthal
directions, respectively

dimensionkss turbuIent-energy dissipation
rates;

W=aww%)’

‘,=%’(%)(%) .-
where u.i refe~ & three velocity fluctua-
tion components u, v, and w and Zj, to
three coordinate; repeated indices indi-
cate summation

dimensions direct-viscous-dissipation rate,
V’ dU 2()ET

diwipation-length parameter
kinematic viscosity of air
total (mean-plus-fluctuating) preasum
air density
azimuthal coordinate

ANALYTICAL CONSIDERATIONS

EQUATIONS OF MOTION OF PIPE FLOW

The continuity equation and Reynolds equation in cylin-
drical coordinates for incompressible mean flow hove tho
following forms :

g++ $:+;~’o (1)
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and

I
(

a~la la
)

~ u +– — ?%7+—— ‘iiz5 +VvluTar rap.

In rLfully developed turbulent pipe flow the cmditions are

(rL)V=O and W=O

(c) The velocity field is independent of the coordinate z
Equations (2) therefore become

laP 1 d _-__+V d2U ldU——= _——
(

-,—
p ax r dr ~+r’dr )

Integrating the last equation and using the boundtuy condi-
tion 775=0 at r=a it follows that ViE=O for all values of 7.
Thus the Reynolds equations for the turbulent pipe flow
reduce to

(3a)

(3b)

DiEerentiating equation (3b) with respect tn z one finds
a2PJar&=o. Thus hP/bx is independent of r and equa-
tions (30) and (3b) readily int~~ to

%%=-T(-$3+A(”’

P—. _q+
J

r~_~
~ dr+l?(z)

P a

(4a)

(4b)

The boundag- conditions are at r=O

dU
z-”

and at ~=a
?i%=o

Also let P=O at $=0 and r=a. Then from equation (4a),
A(z) =0,

: g=–: u:

and, integrating,

(5)

From equations (4b) and (5), B(z)= –~ Ur%. The equations

finally become

(6a)

(6b)

It is interesting to note, as already pointed out by Kamp6
de F&iet in the case of flows between parallel walls (ref. 10),
that the shearing stress iZ5 snd the mean velocity occur “
together in one equation and the normal stresses~ and ~
and the mean pressure occur together in the other. From
the experimental Point of view this hss the advantage that
the equations furnish a method of checking the absolute
accuracy of the measurements of the Reynolds stressesif the
mean-velocity and pressure distributions are known.

ENERGY EQUATIONS

The momentum equations may be written in the form
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Multiplying the three equations by uI, u, and %, respe~
tively, one gets

~++:+; y++=–;ulg+

2%’2’+?JUJ+I ?nl#%+%@’-2%’) 2 ax—. .—
br r ap r

=_;~G+ -

Introducing the velocity and pressure perturbations

U,=u+u

wq= v

U’=w

r=P+p

averaging, and adding the three equations there is obtained
the energy equation for the turbuIent motion

‘-)v d d U2+Vi+-W2 v 4 an W-———
r drrdr 2 +T(;w&–y –

(8)

where in the last term w refera to the three velocity fluctua-
tion components and Zj, to the three coordinates; the repeated
indkxs indicate summation.

The second term on the right-hand side of the equation
may be neglected compared with the other terms for all
values of r, since (a) near the center it approaches zero as
r~f) a.smaybe shown from’ the continuity equation; and (b)
everywhere else its order of magnitude W7/D, where D is a
characteristic length of the order of the pipe radius, is
smaller than, for instanceL that of the last term of the
equation; that is, ti-2Jh2>vuzJD’,sinca L2JD%I.

The equation may now be rewritten as

The energy equation thus obtained haa essentially tlm
same form as that given by Von K6rm6n for the case of a
turbulent flow between two parallel platea (ref. 11). The
first term corresponds to the rate of production of turbuhmt
energy by the action of the shearing stresses. The second
term represents the rate of ene~ change due to transfer of
both kinetic and potential energies by the radial velocity
fluctuations and is usually referred to aa the d.iilusionterm.
The third expression may be regarded as a gradient typo of
energy difhsion and is important only very mmr the WOI1.
The fourth term exprcsaeathe rate of energy dimipation into
heat by action of the viscosity.

EQUIPMENT

WJND TUNNZL

The investigation was carried out in the espeflmentrd
setup shown in figure 1. A centrifugal blower having a
capacity of 12,000 cubic feet per minute and powered by a
15-horsepower constant-speed motor was placed inside a
large pressure box. The box was octagonal in cross section
and was 10 feet high and 16 feet long. The air ma dis-
charged from the blower into the space surrounding tho
blower and then passed through a honeycomb, threo scmons,
and a large contraction cone. The honeycomb consisted of
hexagonal cells 2 inches across and 8 inches long. Tlm
screenshad 24 meshes per inch and a wire diameter of 0.0076
inch. The contraction cone, which was made out of hml-
wood and was circulaTin cross section, reduced the air pr-
esagefrom 48 inches to 18 inches in diameter. Tho cross
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I?mmm l.-flbhematio diagram of test setup.
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section was then further reduced from 18 inches to 10 inches
in diameter through n 900 elbow. After the elbow a short
elastic couplihg was used to prevent the tmmsmmion of
vibration from the pressure box to the pipe. In order to
minimize any flow irregularities due to the elbow, another
screen and an 8-inch-long honeycomb were installed in the
entrance sections of a 25-foot-long steel pipe. Furthermore,
in order to accelerate the boundary-layer growth, the pipe
wall was artificially roughened by gluing floor-sanding paper
to the surface along a length of 2% feet. With this arrange-
ment it was found horn tbe measured mean-velocity ilistribu-
tion at the end of the steel pipe, that is, after an entrance
length of about 30 diametem, that the flow was fully devel-
oped turbulent. Following the steel pipe, a 16-foot-long
seamless brass tube was attached having an inside diameter
of 9,72 inches. This served as the actual test section.

The speed of the tunnel was regulated by throttling the
intako of the blower with adjustable vanes and by venting
the pressure box. In the early stages of the investigation
it was realized that for the very low velocity pipe experi-
ments, where the intake of the blower had to be nearly
closed, the heat dissipated in the pressure box was sufficient
to affect the flow in the test section. This d.McuIty was
overcome by supplying the air to the system by a ventilating
fcn placed on the side of the box as shown in figure 1.

HOT-WIRE EQUIPMENT

Tho basic hot-wire equipment used during the investiga-
tion is described in detail in reference 12. The hot-wires
were made of platinum drawn by the Wollaston process.
Luter during the investigation platinum-rhodium wires (90
percent platinum and 10 percent rhodium) were used and
were found to be very satisfactory. The wire diame@ were
generally 0.0001 inch; only when the noise problem was
very criticnl were fl.nerwires (0.00005 inch) used. For the
measurements of the longitudinal components of the velocity
fluctuations the length of the wires ranged from 0.01 to
0.026 inch.

Special care was taken in building the X-type of wires for
the measurements of the cross components o and w. Ii
order to minimize wire-length effects and to be able to work
very new the wall, the size of the wire holder had to be as
small as possible. With the use of prongs made of fine
jeweler’s broaches the dimensions of the holder head were
cut down to approximately 0:015 inch by 0.005 inch, the
wires having a length about 0.025 inch.

TRAVERSING MEOHANISM

The traversing mechanism simply consisted of a microm-
eter screw on which the hot-wire support was fastened.
The support could be rotated in a plane perpendicular to
tlm air flow so that the hot-wire could be adjusted parallel
to the wall.

The zero reading of the traversing mechanism (r’= O)
was found by placing the hot-wire close to the wall (approxi-

m.wtely0.01 inch away) and measuring the distance between
the wire and its image in the polished wall by an ocular
micrometer. Since the curvature of the wall was small, the
space between the wire and the wall could be taken as half
the obsbed distance.

PROCEDURE AND RESULTS ‘

While filly developed turbulent flow was readily obtained
throughout the 16-foot test length, tedious and time-
consuming adjustments had to be made to remove secondwy
effects and obtain axial symmetry. The task was particuh$rly
di.flicult at the low Reynolds numbers where the effect of
temperature gradient wa9 most felt. This as well as dis-
turbances from the elbow had to be eliminated. After the
iinal adjustments, pressure and velocity surve~ made along
the 16-foot test length showed that the velocity field at each
section was the same and symmetry about the axis had been
obtained. All the final measurements were made inside the
tube 2 to 4 inches from the exit. .

MEAslJR~ OF MEAN VEIA3CITY AND PRMSURE

The experiment was conducted’ at two Reynolds numbers,
50,000 and 600,000, corresponding to maximum mean veloci-
ties of approximately 10 and 100 feet per second, these
velocities being varied slightly in order to compensate for
the daily changes in air viscosity and density. In order to
cover the wide range of static and dynamic pressures, an
inclined manometer 5 feet in length was used. Wi% benzol
and a slope of 10 to 1 the manometer was sensitive to 0.005
centimeter of water by direct reading. Wi% a traveling
microscope and separate scale the sensitivity was increased
to 0.0001 centimeter of water.

The pressure distribution in the direction of the flow was
meaaured through pressure taps located every 2 feet along
the brass tube. The results are given in figure 2.
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FIGURE2.—Mesn-pmme distribution along pipe axis.
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Small total-head and static tubes were made of 0.04-inch-
diameter nickel tube stock with 0.003-in&h -wall thiclmem.
The tip of the total-head tube waa flattened to an opening of
0.006 inch. The static tube was placed approximately 0.4
inch above the total-head tube. This arrangement was used
for measuring the completi velocity distribution in the low
Reynolds number case. In the vicinity of the wall a cor-
rection had to be made because of the lame level of velociti

fluctuations. The correction, having the~onn

was of the order of 5 percmt or lw.
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FIGURE 4.-Mean-velocity distdmtion near wall. Dashed lines are

compukd from pressure-drop mefsure ments.

For the high Reynolds number a hotmme waa used to
explore the mean-velocity distribution nmr the wall, Here
again a correction for velocity fluctuations had to he made
because of the nonlinem behavior of the hot wire. This was
accomplished by an approximate graphical method using
the Jmown static re9ponse curve of the wire (voltage against
velocity) and the lmown root-mean-square value of the
voltage fluctuations. The mtium correction was about
10 percent, the correct mean velocity being higher than the
observe& At the low Reynolds number the velocity profile
determined by tie hot-wire was unreasonably low in the
vicinity of the wall afta applying tbe correction. Except
for this, the agreement betwesn the hot-wire results and
those obtained with the total-head tube was good. ‘

The measurements are presented in figurca 3 and 4. In
ilgure 4 tie dashed lines indjcate the wall velocity gradients
computed from the pressure drop. The agreement with the
measured values is satisfactory.

2.8

R
❑ c.qooo

20

1.6

w!

1.2

.8

.4

0 .1 .2 .3 .4 .; .6 ,7 .8 ,9 LO
rlo

~GUEE 6.*’ distribution.

28

20 -

O-A

-12
A’

.81 -a 50QOO0.—
o 5qxKl

.4

0 0 02030405 06 .07 .08 .09 .10
f,

I?mmm 6.-u’ distribution nom wall,



TEE STRIYX’URE OF TURBUT.J3NCE IN FULLY DEVELOPED PITE FLOW
423

1,2

.8

Vwr

.4

R
o -o 5oo,om- —

0 50,000

1.6ma

1.2

W?4.8

.4

0 J .2 .3 .4 .5 .6 .7 .8 .9 1.0
r?o

FIGUFLE7.-Lf and w’ distributions.

Lo

R

.6 - n W3,CKI0
a o 5QOO0

W/uTz ❑

.4

.2 ‘

o

.4

IJiWv’
.2

0 .1 .2 .3 .4 .5 .6 .7 .8 :9 Lo
r%

FIGUEE8.—Reynolds shearing stress and double-correlation-coefficient
distributions. Curves oahmlated from measured dU/dr, u’, and d.

MEASUREMENTS OF TURBULENCE LEVE19 AND SHEARING STEESS

The three components of the veloci~ fluctuations u’, o’,
and w’ and the turbulent shearing stress~ -wereobtained by
standard techniques described in reference 6.

Figures 5 to 8 give the detailed results. In figure 8 the
solid lines represent distributions calculated by equation
(6a) using the independently measured mean-velocity
gradients and u’ and o’. It is seen that for the high Reynolds
number the agreement between these and the directly
measured points is very good while for the low Reynolds
number the measured points are somewhat higher. It
should be mentioned that lower accuracy of all the measure-
ments in the low Reynolds number flow is to be expected
mainly because of the difficulty of forming consistent time
rwerageabecause of the inherent low-frequency fluctuations.
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MEA8~ OF TRIPLE AND QUADRUPLE VKLOUTY CORRELATIONS’,

Measurements of the triple and quadruple veloci@ corr~
]ations aregiven in figures 9,10, and 11. The basic technique.
described in reference 12 was essentially adopted for these-
measuremente. The schematic diagmm of tbe electronic.
circuit is given below:

Squorblg Cbulit 2
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The two hot-wire signals e, and% are fed into two identical
compensated amplifiers after which el is squared. The pre-
liminary Squming circuit uses the nonlinear characteristic
of two balanced triodes as employed in Townsend’s circuiti
(ref. 13). The output. of the mixing circuit, which is a

simple resistance network (ref. 12), gives simultmeously the
mim and difference of the inputs. Squaring circuits 1 and 2
contain a series of diodes properly biased to give the square
of the inputs. If the siggals before the mixing c.irctit are
equalized the ratio meter reads directly the correlation

coefficient zl~
It is seen that in order to obtain the triple velocity correla-

tions by this method the mean fourth power is necessary.
This could have been avoided, of course, if instead of using
the ratio meter the outputs of the two squaring circuits had
been recorded separately and’ then subtracted. It was felt,
however, that the method adopted gave more consistent
results. The mean fourth power was obtained simply by
feeding the amplified hot-wire signal into a squaring circuit
and then squaring the output again by reading the final
output on a thermocouple meter.

Unfortunately, for the lower Reynolds number some in-
consistency in the measurements was found using the above
technique. Ii comparing the values of the double-
correlation coefilcient 7iZ/u’v’ obtained by this setup (without
the preliminary squaring circuit) with those obtained by the
conventional method, they were found to be from 20 per-
cent to 30 percent lower everywhere except near the wall.
At the lugh Reynolds number the agreement was very
satisfactory. Although, because of time limitations, it was
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Fmurm 11.—Tripl&velooity-correlation distributions.

not possible to trace definitely the cause of this discrep-
ancy, it is believed to be due to a difference in the low-
frequency phaie shift of the two amplifiers. Consequently, .
the large difference between the triple-correlation dis-
tributions at the two Reynolds numbem in figure 11 should
be considered to be due to experimental error.

MEASUREMENTS OF vAR1OUS DISSIPATION TERMS

The eurpressionfor the rate of energy dissipation as it
appears in the turbulenkenergy equation (9) has the form

The tit three terms were obtained by the differentbtion
method introduced by Townsend (ref. 13). By making the
a.wrmption

(11)

he writes

Thus by electronically differentiating the hoh-ire signal

r)

2
eccu (or v, or w), ~ may be easily obtained. A recent

paper by Lin (ref. 14) show-sthat this assumption is valid
if no mean-velocity gradient fists and (W/U)z<<l. In a
shear flow he gives an additional condition

In the present measurements these conditions were found to
be satisfiedwith the exception of a region tilde the laminar
sublayer. Also during the course of a boundmy-layer
investigation at the NBS an experimental verification of the
validity of this method was made at 0.05 times the boundary-
layer thick-.

The fourth and seventh terms of equation (10) were
obtained essentially by a method fit suggested by Taylor
(ref. 15), in which

as 7+0, where u and u(F) denoti fluctuations at distance 7
apart. Thus by measuring the correlation coefficient R, for

()
h’

small values of 7, —aT can be calculated. During the

present inve@gation the accuracy of the method was
greatly improved by adopting tbe following technique:
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The above equation may be rewritten as
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Since, for small values of 7, ~=~(?), one has

Several values of u can be easily measured by placing two

()@L 2
hot-wires at various small distances 7 apart. Then ~z

may be calculated horn the slope of a stmight line in a plot
of u against F.

The remaining four terms of equation (10) could also have
been obtained with the method described above. However,
the wire arrangement necessary for such a technique made
its application impractical. Cempming the ii.rstthree terms
it was found that they satisfy the isotropic relationa fairly
well except near the wall (figs. 12 and 13). The other two
measured terms, while not too dMerent from the first threein

(mthe center region, are considerably higher especdly ~

near the wall. This, of course, is not s~rising since k
sipation lengths or microscak in the radial direction are
expected to be smaller because of the presence of the wall.
For want of a better procedure it was assumed that mean-
square derivatives with respect to a given direction sepa-
rately satisfied the isotropic relations

1,4X1

O .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0
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Fmcnw 12.—Distributions of Wlpation terms. R= 50,000. “
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Fmmm 13.—Distributions of dissipation terms. R= 500,000.

It is not possible to estimate the accuracy of this assump-
ion at particular points. However, one can determine the
rror made in the total energy dissipation of the pipe cross
ection. Integrating the energy equation (9) across the pipe
here is obtained

J

2ir a — m
-I IYLV~ dr=~
ao J

a Wr dr
o

(12)

~hich states that the total energy produced at a given sec-
ion is dissipated at the same section because of the homo-
geneityof the field in the z-direction. Equation (12) was
mnd to be satisfied within 10 percant. It is remarked that
i the isotropic relation between dl terms had been assumed
nd the dissipation cxdculated in the usual way using

he right-hand side of equation (1.2)would have been smaller
}y approximately a factor of 2.5. It is still an open qucs-
ion, however, ho-ivaccurate the approximation is from point
o point.

ENEILGY-SPECTEUM MEASIJRENBNTS

The ampliiied hot-tie signal was fed into a Hewlet&
‘ackard wave analyzar with a frequency range of 10to 16,000
ycles per second. The malyzer selectivity characteristics
mre obtained by calibration; two fixed band widths were
hosenj their effective vA= being 11 and 42 cycles per
econd approximately. The output of the analymr was fed
mtoa thermocouple circuit. In order to make the measure
nents independent of the ampliiier frequency response the
hermocouple output readingg of the hokwire signal were
matchedby a known sine-wave input.

The measurements are preaentid in figures 14, 15, and 16.
Wire-lengti corrections were applied only ti the u.’-spectra,
Ising the method described in reference 16.
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DISCUSSION

As alrendy pointed out in the ‘Tntxoduction,” the present-
understanding of the turbulence phenomenon is not com-
plete enough to be able to attack directly the problem con-
cerning the nature of the turbulence transfer mechmism
that establisheda stable, nondecaying turbulence field such
m the pipe flow. The principal aim of the present work
was an attempt to obtain an over-all picture of the turbulence
structure without trying to understand the detailed mecha-
nism responsible for this structure. To this end the energy
equations of both the mean and turbulent flow serve as a
useful guide. The former in effect expresm the relative
magnitude of the mean-flow energy low to the turbulent
field M compared with loews due to dissipation by direct
molecular action. The latter gives a relation between the
different forms of turbulenhenergy ratea such as rates of
production, dissipation, and &fFusion. Unfortunately it is
not poesible to obtain from these equations any explicit in-
formation on how these various energy changes take place.
However, it is hoped that once their relative importance in
dtierent regions of the turbulent field is better understood
one might attack the ultimate problem of the turbulence
mechanism with greater confidence.

A diflerent, but already well-established, method of ap-
proach was also tried. Instead of investigating the different
mtea of changes of the turbulent energy at a given point of
the field, its spectmd distribution in the wave-number space
was emmined. The merits and shortcomings of thie method
will be discussed later.
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FImmD 17.—Comparison of rate of turbulent-ener~ production with
direct-viscous-dissipation rate near wall.

MEAN-ENERGY BALANCE

Multiplying the integrated momentum equation (6a) by
the mean-velocity gradient dU/dr, the following equation is

obtained:

Thus the energy available because of the pressure drop
along the pipe is partly converted inta turbulent energy and
is partly directly dissipated. The two terms on the right-
hand side of the equation are compared in a nondimensional
form near the wall in figure 17. There are two points that
should be noted here: (a) The bulk of the direct viscous dis-
sipation takea place in a very narrow region, r* <15; (b) the
position where the laminar shearing stress is equal to the
turbulent shearing stress (viscous dissipation equal to turbu-
Ienqe production) is found to be approximately at the same
point where the maximum amount of energy is produced
(r*=ll.5). This point is usually referred to as the edge of
the lamirmrsublayer. It is seen that not only is the bulk of
the energy taken from the mean flow directly dissipated but
a considerable portion of the total turbulence production also
takea place here.

It is quite apparent from this picture that, in order to
obtain the complete picture of the turbulen~nergy balance,
conditions near and within the lanugar sublayer have to be
known. This, of course, is a very dif6cult task horn the
experimental point of view.

TUBBULENT.BNBEGY BALANCE

From the measurements prcaented in the previous sections
all the terrm of the turbulent-energy equation (eq. (9)) can
be calculated with the emeption of the pressure-energy
di.fhion. Unfortunately, since this term is small every-
where except near the-all, its determination from equation
(9) is very inaccurate. Nevertheless, it is powible to obtain
in a qualitative way an over-all picture of the complete
turbulent-energy balance at a cross section. Since the
experimental problems and errors are different in the two
Reynolds number flows they will be discussed separately.

Low Reynolds number flow.-In order to be able to study
the flow conditions very close to the wall it is necessary to
produce as thick a viscous layer as possible. This may be
done by carrying out the measurements at very low mean
speeds. Certain compromises, however, have to be made.
First it is much more diflicult i% establish good flow condi-
tions at low speeds, and second it is more d.ifiicuh to carry
out time-averaging processes in the measurements of statis-
tical quantities. On the other hand the absolute magnitude
of the dissipation terms may be better established since
problems such as wire-length effects, amplifier frequency
response, and noise are not so critical.

Figures 18 and 19 give the distribution of all the eniwgy
terms in the low Reynolds number flow. It should be noted
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that in forming dimensionless quantitie9 for the coordinates,
the characteristic length a was chosen in figure 18 and
v/U, was used in figure 19 representing conditions near the
wall. The correspondence between respective coordinates
is indicated parenthetically in figure 19.

The following interesting conclusions may be drawn:.
(1) Throughout the whole cross section, with the exception

of the center region, the rate of en~ production at a point

is approximately balanced by the rate of energy tilpation,
(2) All the various energy rates reaoh a sharp maximum

near the edge of the laminm sublayer.
(3) This edge appears to be also the region from which

the turbulent kinetic energy is diffusing both toward the
pipe center and toward the wall and toward which tlm
pressure energy is transported.

There is some question about the direction of the pressuro
M7usion in the center region of the pipe. It ma mentioned
in the previous section that the meaaured triple velocity
correlations are believed to be too low in this region. Assum-
ing that their dimeusionks value is approximately the samo
as the values found in the high Reynolds number flow-an
assumption which holds approximately true for dl other
measured dimensionlessstatisti~alquantities-kinetic-energy
&fFusionis estimated as shown with a dashed line in figure 18.
It is believed that the corresponding pressure-diffusion
distribution (dashed line) cornea closer to the actual picture
than that obtained from the directly meaaured points (solid
line). This would indicate that the direction of the preasum
difFusionis toward the laminar sublayer and its value nmr
the center is close to zero.

High Reynolds number flow.-As already pointod out,
accurate meaauramenta of the various &lpation terms in
the case of high Reynolds number flow become much mom
clifiicult, since, because of the extent of the energy spectrum
to high frequencies, ampliiier-tube noise and wire-length
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eflecta become increasingly more critical. Although all pre-
cautions were made to minimize these effects, the calculated
mte of energy dissipation is believed to be too small. From
the energy-spectrum measurements it was possible to infer
that consider~ble dissipation takes place at iiequencies as
high as 30,000 cycles pm second where the response of the
compensated ampliiier ceasea to be linear. I?rom the infor-
mation gathered in the low Reynolds number flow, an
ottempt was made to estimate the dissipation. The follow-
ing assumptions were made: (1) k the vicinity of the wall
where shnilarity with respect to Reynolds number was found
(this will be discussed in detail later) the d.iwipation can be
obt~ined directly from the low Reynolds numbar measure-
ments; (2) the errors in percentage are the same acrom the
pipe. This was found to be fairly closdy true when the
dissipation meaaurcments were repeated using various high-
frcquency cut-off iiltem. With these assumptions and with
equation (12) the estimated dissipation w-as obtained.
Figures 20 and 21 show the directly measured and estimated
values. The figures also indicate that the picture of the
energy balance is similar to that obtained in the low Reynolds
number flow.
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FIqUItE 21.—TurbuIent+mer~ balance near wall. l?=500,000.
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ENERGYSPECTEUM CONSIDERATIONS

In the study of isotropic turbulence the concept of the
energy spectrum proved to be a useful and a convenient one
both from an analytical and a ph~ical point of view. By
considering the distribution of the turbulent energy in the
wave-number space it is possible to give in many instancea a
simple picture of some basic physical procemea taking place
in the field. An example is the cornmody accepted picture
of the energy transfer born smaller to largm wave numbers.

The utility of the spectzwm function is much more re-
stricted in a nonisotropic turbulence field where it cannot be
contracted into a scalar, as in the isotropic case, but haa to
be treated as a tensor quantity. A restrictive factor in all
casea, and particularly in nonisotzwpic turbulence, is the fact
that measurement is possible of oily the so-called Taylor, or

time, spectrum. This means that, even if Taylor’s hypoth-
esis (eq. (11)) isfulfilled, only a spatial energy distribution
over a surface kl= Constmt can be measured. This, of
course, prohibits detailed knowledge of the point-by-point
energy distribution in the wave-number space. Nevcrth-
leEs,it is possible to dram some conclusions from this type of
meamrements.

The measured ti’-specha (fig. 14) indicate that the spectral
distributions obtained not too close to the wall manifwt
similarbehavior over a wide range of wave numbers. Specifi-
cally, they vary as the –5/3 power of the wave number kl
over a considerable range. This is clearly indicated in
&me 22 w-hare the function lc,@3Fu(k,) is shown to be Q
constant over the range l<kl<24. The two sets of points
shown in this figure indicate the magnitude of the length
corrections applied to the directly measured values. This,
of Course,-isthe same type of behavior as that of the equilib-
rium range of the energy spectrum in an isotropic field fit
predicted by Kolmogoroff (ref. 17). One may infer there-
fore that for sniliciently large turbulent”Reynolds number
flows (u’x/v>200 for all measurements) and for the mean-
velocity gradients not too large there exists a wide range of
wave numbers in which the energy represented by the
u’-component is transferred from smaller to larger wave
numbers without being signi.ticantly influenced by the tnr-
bulentienergy production mechanism or by viscous dissipa-
tion. This apparently is true, even &o@ local isotropy
does not exist in this range as w-illbe seen later. It is further
seen that this range varies with r’/a and at r’/a=0.0082,
where the mean-velocity gradient is already large, the
spectrum shows a different distribution. It might be
mentioned that in this case there is a rather wide wave-
nnmber range where the spectrum varies closely as kl-l as
predicted b~Tchen (ref. 3~
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Fmurm 22.—Equilibrium range of u’+peotrum. R=500,000;
#/a= O.28.

The conclusions one may draw from the measurements of
the o’- and w’-spcctra are signi.tlcadly dithmt. ‘In order
to clarify this dMerence a comparison is made betmean tbe
d-spectrum measured at tbe center of the pipe and that
calculated from the measured u’-pectrurn using isotropic
relations (fig. 23). It is seen that there is a large energy



—

432 REPORT 1174—NATIONAL ADVISORY COM&3JZTEE FOR AERONAUTICS

deficiency in the low wave-number range, while tie en= I (~d ~-wc~) atPOfitSother~~ the center of the pipe.
content of the higher wave numbers is much larger. Furth&- An explanation of such behavior is, of course, diflicult
more, the –5/3-poweAmv type of distribution is completely mainly because tho one-dimensional nature of the mensure-
missing. Siar statements may be made for the u’-specha ments conceals the detailed spatial energy distribution
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However, it is hard to conceive that the geometry of the
field alone would be responsible for such a behavior. Figure
23may suggest that wave numbers receive a large portion
of their o’ energy not only by means of the usual transfer
mechanism from emaller to larger wave numbem. By con-
sidering tbe energy equations for the turbulent components
separately, the term most likely to influence the o’-spectrum
in the wave-number range considered is the pressure term
transferring energy from one velocity component to the

other. Its form p ~ suggests that it is associabd with wave

numbers larger than those where the bulk of the turbulent
energy ie produced and smaller than the ones where viscous
dissipation is important. This term therefore may very well
be responsible for the larger u’ energy present in the wave-
number range iu question. It is difiicult to draw any con-
clusion about the role played by the diffusion terms; in
general they are thought of as representing a low-frequency
phenomenon and therefore would influence tbe v’-spectrum
in the low wave-number range only.

It shotid be emphasized that the above discussion is
merely speculative in nature and a considerable amount of
experimental work especially in connection with tbe pressure
terms is necessary to be able to give a quantitative picture
of the energy balance spectrumwise.

GENERAL CONSIDERATIONS

On the basis of the presented measurements the flo’w field
in the pipe may be divided into three regions exhibiting
diflerent behavior from the point of view of turbulence
structure.

Wall-proximity range,-Measurements near the wall indi-
cate tlmt the w-ell-lmown wall-proximity law of Prandtl
(ref. 18)for the mean velocity may be extended to the
fluctuating-velocity field also. Thue by using U, and v/U,

as the characteristic velocity and length parametem, the
various velocity distributions become independent of the
Reynolds number in the approximate range O < T* <30
(figs. 24 to 26).

The various energy rates aa they appear in the equation
of turbulent energy are found to be of equal relative’ im-
portance; their magnitudes are much larger than those in
other regions of the turbulent field and they therefore play
rLdominant role in the energy balance over the entire field.

I-v,/,

l?mmm 24.-Mean-velooity distribution near wall.
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aient near wall.

Center portion of pipe.+lince the direct effect of viscosity
on the turbulent field is negligible in the center portion of
the pipe, it may be expected that the distributions of the
fluctuations expressed relative to the characteristic velocity
U, are independent of the Reynolds number. Figures 6, 7,
and 8 show this to be the case.

This region is further characterized by the fact that it
receives a large portion of its turbulent energy by diffueive
action.

Intermediate region.-The intermediate range extends
from r*=100 to r’Ja=O.l. By considering the turbulen&
energy balance in tbie region- (fig. 21) it is seen that the rate
of energy diflision is much smaller than that of production
or chssipation. This meane that the energy produced here
is locally &lpated. It should be noted that this is one of
the implied assumptions of the mixing-length theories.
Another assumption, namely, the existence of statistical
similarity behveen the velocity components, is, however,
di5cult to accept in view of the discussion in the section
‘!Energy-Spectrum Considerations.” Thus, although the
gradient type of momentum transfer involved in mixing-
length theories has more experimemtd support in this region
than in other portions of the field, its use is not completely
justifiable. ~
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SUMMARY OF RESULTS

Fully developed flow in a large pipe -wasfound h provide
a very useful medium in which to study the structure of
turbulence in shear flow. Embodied in the term “structure”
are the interactions between turbulent motions and mean
flow, and the various hansfem and movements of energy
from point to point and from mean flow through the spectrum
of turbulent motions.

The following are the major results:
1. Tbe importance of a detailed lmowledge of conditions

in the close proximity of the wall was demonstrated.
2. Using the similarity parametem U. and v/U, the flow

field in this region was shown to be independent of the
Reynolds number.

3. The various turbulen&energy rates, such as produc-
tion, -Ion, and di&pation, were found to reach a sharp
maximum at the edge of the huninar sublayer (r*= 12),
their magnitude being of equal relative importance but much
linger than those in other regions of the pipe cross section.

4. It was found that there exist a strong transfer of kinetic
energy away from the edge of the ltiar sublayer and an
equally strong movement of pre9sure energy toward it.

5. In the center region of the pipe, the characteristic
length and velocity parameters were shown to be a and U,.

6. In the region of large mean-velocity gradients but out-
side of the diApative region (between T*s 100 md #/u= 0.1)
energy difhmion was found to be small compared with the
turbulentamgy production.

7. The spectrum measurement indicated that in regions
where the mean-velocity gradients are not too large the
u’-spectra vary as the —5/3 power of the wave number over
a considerable wave-number range. .

8. A considerably difFerentdistribution of the o’- and w’-
spectra was measured and an expkmation of such a behavior
wae attempted.

NATIONAL BUREAUOF STANDARDS,
WAS=GTON, D. C., October28, 196%

REFERENCES

1. Batchelor, G. K: Note on Free Turbulent Flows, With Speoial
Reference -h the Two-Dimensional Wake. Jour. Aero. Sui.,
VOL17, no. 7, July 1950, pp. 441-445.

2. llo~ J.: Statiatische Theorie niohthomogener Turbulenz.
1. Mittoilung. 2%.Phys., Bd. 129, 1951, pp. 647-672;
2. MM&lung. 2s. Phye., Bd. 131, 1951, pp. 51-77.

3. Tche:, C. M.: On the Speotrum of Energy in Turbulent Shear
Flow. RIM. Paper RP2388, Jour. RM., Nat. Bur. Standards,
vol. 50 no. 1, Jan. 1953, pp. 51-62.

4. Corrsin, Stanley: InvAigation of Flow in an Axially Symmetrical
Heated Jet of Air. NACA WR W-94, 1943. (Formerly NAUA
ACR 3L23.)

5. Townsend, A. A.: The FuUy Developed Turbulent Wake of a
Circular Cylinder. Australian Jour. Soi. Roa., em. A, vol. 2,
no. 4, Dee. 1949, pp. 451+68.

6. Corrsin, Stanley, and Uberoij Mahinder S.: Spectra and Di5ueion
in a Round Turbulent Jet. NACA Rep. 1040, 1951. (Supormdes
NACA TN 2124.)

7. Liepmann, Hana Wolfgmg, and Laufer, John: Invoetigations of
Free Turbulent Mixing. NACA TN 1257, 1947.

8. Towneend, A. A.: The Struoture of the Turbulent Boundary
Layer. Prou. Cambridge PhiL Soo., vol. 47, pt. 2, Apr. 1961,
pp. 375-395.

9. Laufer, John: Invwtigation of Turbulent Flow in a Two-Dimon-
sional Channel. NACA Rep. 1063, 1951. (Supemedoe NAUA
TN 2123.)

10. Kamp6 de F6riet, J.: Sur l’6coulement d’un fhdde visqueux
incompressible entre deux plaquoa parallblw ind65niea. Lo
Houille blanohe, vol. 3, no. 6, Nov.-Deo. 1948, pp. 600-517.

11. Von K6rm6n, Th.: The Fundamentals of the Statistical Theory
of Turbulence. Jour. Aero. Soi., vol. 4, no. 4, Feb. 1937, pp.
131–138.

12. Kov&eznay, Lalie S. G.: Development of Turbulenw+Meaauring
Equipment. NACA TN 2839, 1953.

13. To&neend, A. A.: Measurement of Double and Triple Correlation
Derivative in Ieotropio Turbulence. Pros. Cambridge Phfl.
%0., vol. 43, pt. 4, Oct. 1947, pp. 560-570.

14 Lin, C. C.: On Taylor’s Hypothds and the Acceleration Terms
in the Navier-Stokes Equatione. Quart. Appl. Math., vol. X,
no. ~ Jan. 1953, pp. 295-306.

15. Taylor, G. I.: Statistical Theory of Turbulence. 111-Dietrlbution
of Dissipation of Energy in a Pipe Over He Om&+S.mtion.
Proo. Roy. Sot. (London), ser. & vol. 151, no. 873, Sept. 2, 1035,
pp. 456-464”

16. Uberoi, Mabinder S., and Kovdsznay, I-die S. Cl.: On Mapping
and Moaeurement of Random Nelds. Quart. AppL Math.,
vol. X, no. ~ Jam 1953, pp. 376-393.

17. Kohnogoroff, L: The Looal Struoture of Turbulence in Inoom-
, preasible Viscous Fluid for Very Large Reynolds’ Numbom.

Comp. rencL, Acrid. Soi. URSS, vol. 30, no. 4, Feb. 10, 1941,
pp. 301–305.

18. Prandtl, L.: Beriohti fiber Untemuchungen zur mwgebfldeten
Turbulenz: Z. a. M. M., BcL 5, Heft 2, Apr. 1925, pp. 136-139.


